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Figure 1: Melencolia I, Albrecht Dürer, 1514, copper engraving
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Figure 2: Dürer’s magic square

Introduction

Albrecht Dürer and mathematics

In figure 1 (Melencolia I by Albrecht Dürer), you can see that Dürer was not only
an artist, but also a mathematician, especially interested in geometry. Many
mathematical or scientific objects can be found in this picture: A polyhedrian
which can be inscribed in a sphere, which is also visible in this picture. As far
as other scientific objects are concerned, an hour glass can be seen in the scene.
Next to it is the topic of this protocol - a magic square (cf. figure 2 for its
entries).

Definition of magic squares and number squares

Magic squares are n× n matrices with the following properties:

1. the sum of all entries in each row, each colum and each of the two diagonals
add up to the same number

2. the entries are integers

3. the entries are 1, 2, 3, . . . n2

The third property might as well be dropped, but these squares are then called
number squares and not magic squares.
Note that Dürer’s magic square has even some properties that normal magic
squares do not have. So not only do the rows, columns and diagonals add up
to 34, but also all 4 × 4 squares do (cf. figure 3). Furthermore, a knight’s
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Figure 3: special properties of Dürer’s magic square

move which adds up to 34 can be constructed from every starting point in the
rectangle. The year of the creation of the picture (1514) is encoded in the middle
entries of the last row.
Formally, the properties of such squares are expressed like this:
An n × n matrix (aij) will be called a number square if each aij is an integer
and there exists an integer k (called the common sum) such that

(∀j = 1, 2, . . . , n)
n∑
i=1

aij = k

(∀i = 1, 2, . . . , n)
n∑
j=1

aij = k

n∑
i=1

aii = k and
n∑
i=1

ai,(n+1−i) = k

An n×n number square (aij) with {aij | i, j ∈ {1, 2, 3, . . . , n}} = {1, 2, 3, . . . , n2}
is called a magic square.

Exercises

1. Find all 3× 3 magic squares.

(a) Find the common sum k.

(b) Find the center entry a22.
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(c) Consider the parity of the corner entries.

2. Find the set S of all 4 × 4 number squares with nonnegative entries and
common sum 1.

(a) Can such a number square have zeros in all four corners?

(b) Find all such squares with a11 = 1.

(c) Discuss the relevance of the group of symmetries of a square.

3. (a) Is the set of n×n magic squares a subspace of the vector space Mn×n
of n× n matrices with real entries?

(b) Is the set of n× n number squares a subspace of Mn×n?

(c) Let E be the 4 × 4 matrix in which all entries are 1’s. Write E
as a linear combination of elements of S (as in problem 2) in three
different ways.

(d) Is the set S from problem 2 a linearly independent set?

(e) Express the Dürer magic square D as a linear combination of elements
of S. (Using a greedy algorithm, repeatedly subtract multiples of
elements of S from D to get to the zero matrix 04×4.)

Answers

1

a) The common sum is k = 15, as 1, . . . , 9 add up to 9·10
2

= 45. Now we have
three rows to put this numbers in, thus the sum of one row, which is at the same
time the common sum, is 45

3
= 15.

b) We have an odd number of entries in a 3 × 3-square, namely 9. So we can
express 10 as 1 + 9, 2 + 8, 3 + 7 and 4 + 6. The only element of the numbers
we have to distribute in the square which has no “partner” and is therefore left
to put in the middle is 5.
Putting a smaller entry in the middle would leave us with the problem of having
to use higher numbers to add up to 15, but then we could not use the smaller
ones. Putting a larger entry than 5 in the middle would leave us with the same
problem the other way round - we would be left with two many large entries.
Thus, a22 = 5 is definitely a good choice.
c) The corner entries have to be even numbers. Reasoning: First of all, there
can not be combination of odd and even numbers, as we need a common sum
15 with 5 and two other summands. Now these summands must of course add
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Figure 4: Impossibility of odd corner entries

Figure 5: all 3× 3 magic squares

up to 10, which is an even number. But it is not possible to add up an even and
an odd number to an even one.

Hence we are left with the possibilities of all odd or all even numbers. All odd
numbers is again impossible, as then 9 and 7 would be either in one row or one
column together (cf. figure 4), but they add up to 16, which is already more
than we want.

Now the only possibility left is to fill all corners with even numbers, which leaves
us easy fill-out work to complete a basic magic square, i.e. the upper left one in
figure 5.

All other magic squares can now be created by rotating (which gives us 3 more
solutions), reflecting on the diagonals (which adds 2 solutions) and by reflecting
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Figure 6: Impossibility of having 0’s in the corners

on the middle column or row, which adds 2 solutions as well.

2

a) It is impossible to have all zeros in the corners.
Reasoning: For the square to be a number square with nonnegative entries that
add up to 1, one has to have a 1 in the diagonal. Now if you set it to one of
the two possibilities in the diagonal, it automatically lowers the possibilities of
setting other 1’s, as one can not put another 1 in the same row or column. Thus
only 4 places for the three remaining 1’s are left (cf. figure 6), but always 2 of
them are in the same row or column, so I would have to place two 1’s either into
the same row or into the same column, which is not possible, as they would then
add up to 2.
b) There are exactly 2 possibilities to create such a number square. If one starts
with a11 = 1 and tries to add 1’s row-by-row, in the second row one has to
possibilities to place the 1, once this is done, the other 1’s can not be chosen
any longer but have to be placed in a specific place in each row (cf. figure 7). If
one wants to describe the second solution as a geometric transformation of the
first square, it is a reflection on the second diagonal.
c) As in 1, there are again 8 solutions for this puzzle. This coincides with
the number of geometries of a square. If one numbers a square as in figure 8
and applies all symmetry operations, namely rotations and reflections, one gets
only 8 permutations of the original [1, 2, 3, 4]. This is 1

3
of the number of all

permutations of [1, 2, 3, 4], which is because there is no way to transform the
square in a way in such a way that 1 and 3 are not diagonal to each other and
none such that 2 and 4 are not diagonal to each other.
This leads us to the 8 solutions depicted in figure 9.
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Figure 7: number squares with a11 = 1 and common sum 1

Figure 8: a square

Figure 9: all 4× 4 number squares with nonnegative entries and common sum 1
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3

a) The set of n×n magic squares is not a subspace of the vector space Mn×n of
n×n matrices with real entries, as addition of 2 magic squares or multiplication
of a magic square with a scalar leads us out of the space of magic squares,
as in every case, the entries in the magic square are changed in a way so that
they do not range from 1 . . . n2. This can be easily visualised if one thinks of
what happens to the 1 in the magic square – it is changed by both addition and
multiplication.

b) The set V of n× n number squares is a subspace of Mn×n.

To show:

1. u, v ∈ V =⇒ u+ v ∈ V

2. u ∈ V, λ ∈ R =⇒ λu ∈ V .

u =


a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
. . .

...
an1 an2 · · · ann

 , v =


b11 b12 · · · b1n

b21 b22 · · · b2n
...

...
. . .

...
bn1 bn2 · · · bnn



u+ v =


a11 + b11 a12 + b12 · · · a1n + b1n

a21 + b21 a22 + b22 · · · a2n + b2n
...

...
. . .

...
an1 + bn1 an2 + bn2 · · · ann + bnn


Now this is also element of V , as the formal properties for number squares are
fulfilled, the new common sum is just the common sum of the first plus the
common sum of the second number square.

λ · u =


λa11 λa12 · · · λa1n

λa21 λa22 · · · λa2n
...

...
. . .

...
λan1 λan2 · · · λann


Again, one can easily see that all properties for number squares are fulfilled for
this product, the common sum is just λ multiplied by the common sum of the
magic square.
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c)
1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1

 =


1 0 0 0
0 0 1 0
0 0 0 1
0 1 0 0

+


0 1 0 0
0 0 0 1
0 0 1 0
1 0 0 0

+


0 0 0 1
0 1 0 0
1 0 0 0
0 0 1 0

+


0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 1




1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1

 =


1 0 0 0
0 0 0 1
0 1 0 0
0 0 1 0

+


0 0 0 1
1 0 0 0
0 0 1 0
0 1 0 0

+


0 0 1 0
0 1 0 0
0 0 0 1
1 0 0 0

+


0 1 0 0
0 0 1 0
1 0 0 0
0 0 0 1



It seems to me that there is no entirely different linear combination, of course
one can combine 1

2
times the first term and 1

2
times the second term, but that

does not count as a really different solution.

d) The set S from problem 2 is not a linearly independent set, as E can be
expressed in 2 different ways where all summands are different from the ones of
the other sum (cf. first two ways in c). Let’s call these equations A and B. Thus
any summand of A can be expressed as B minus the other summands in A.

Example:


0 1 0 0
0 0 1 0
1 0 0 0
0 0 0 1

 =


1 0 0 0
0 0 1 0
0 0 0 1
0 1 0 0

+


0 1 0 0
0 0 0 1
0 0 1 0
1 0 0 0

+


0 0 0 1
0 1 0 0
1 0 0 0
0 0 1 0

+


0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 1

−


1 0 0 0
0 0 0 1
0 1 0 0
0 0 1 0

−


0 0 0 1
1 0 0 0
0 0 1 0
0 1 0 0

−


0 0 1 0
0 1 0 0
0 0 0 1
1 0 0 0


/home/klink/stud/homework/psI-9.tex,v 1.2 2000/01/20 16:26:27 klink Exp p. 9/10



Proseminar I protocol Alexander Klink

Figure 10: solving a 5× 5 magic square using a trick

e)
16 3 2 13
5 10 11 8
9 6 7 12
4 15 14 1

 =


0 0 1 0
0 1 0 0
0 0 0 1
1 0 0 0

+


0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 1

+ 4·


0 0 0 1
1 0 0 0
0 0 1 0
0 1 0 0

+

5·


1 0 0 0
0 0 0 1
0 1 0 0
0 0 1 0

+ 3·


0 1 0 0
0 0 0 1
0 0 1 0
1 0 0 0

+ 9·


0 0 0 1
0 1 0 0
1 0 0 0
0 0 1 0

+ 11·


1 0 0 0
0 0 1 0
0 0 0 1
0 1 0 0


A trick to solve magic squares with odd n

There is a trick to solve magic squares with odd n: Write down a magic square
as in the example in figure 10, then shift the outer elements into the square –
your magic square is ready.
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